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Initial Data Inspiral Remnant properties
D0/M 103MW0 106ȧ0M EADM/M JADM/M2 m1/m2 105e T/M N Mf /M S f /M2

f
12.2 21.1541 �47.99 0.996211 0.4510 6.99997(2) < 6 4,100 20 0.98771(1) 0.32830(3)
27 6.7930 0 0.998112 0.6123 7.00000(1) 34 106,000 176 0.98762(14) 0.32827(2)

TABLE I. Properties of the two NR simulations: The first block lists initial separation D0, orbital frequency W0, radial velocity ȧ0, ADM
energy EADM and angular momentum JADM in units of total mass M = m1 +m2. The middle block lists mass ratio m1/m2, eccentricity e , time
duration T and number of orbits N until merger. The final block lists remnant mass Mf and spin S f .

many months or even years of wall-clock time. Therefore
progress toward longer simulations has been sluggish, with T
increasing by only about a factor of 2 to 3 during the last five
years [25, 26, 28–30]. The duration T needed to close the gap
depends on the binary parameters and the detector bandwidth.
Here we start addressing the issue of the gap by focusing on
the nonspinning case and high mass ratio, q = m1/m2 = 7, for
which the PN approximants can greatly differ [22, 31]. We
present a new NR simulation that extends T by a factor of 20
and reduces the initial frequency fini by a factor of 3. With
its comparatively high mass ratio, the new simulation probes
an astrophysically relevant parameter regime for BH-BH and
NS-BH binaries and for certain total masses covers the entire
frequency band of advanced LIGO (aLIGO) and Virgo. We
describe challenges involved in carrying out this new simula-
tion, most notably an instability that causes the center of mass
(CoM) of the binary to move, and we suggest improvements
for future long simulations. We then compare the new simu-
lation with existing analytical waveform models to assess the
impact of waveform model errors on the detection rate of ad-
vanced detectors.

Numerical-relativity waveforms. We report on two new
simulations of a nonspinning BH binary with mass ratio q =
m1/m2 = 7. The short simulation is of typical length: 20
orbits, T = 4,100M. The long simulation, the main focus
of this paper, is about 25 times longer. Both simulations
are computed using the Spectral Einstein Code (SpEC) [32].
The short simulation uses established computational tech-
niques [25]. The speed-up needed for the long simulation
is the result of a series of code changes including task-based
adaptive parallel load-balancing, live timing-based selection
of the most efficient algorithm (when multiple implementa-
tions of the same function are available), a modified mem-
ory layout to allow more efficient calls to low-level numeri-
cal packages and a more efficient implementation of the Gen-
eralized Harmonic evolution equations. Figure 1 shows the
new long waveform and Table I presents additional details
about both simulations. Geometrized units G = c = 1 are
used in Table I and throughout this paper. The top inset of
Fig. 1 shows the spectra of the (2,2) spherical harmonic wave-
form modes. The long simulation covers the entire design-
aLIGO frequency range for nonspinning BH-BH binaries with
M & 45M�, and covers the early-aLIGO frequency range for
M & 11M�, including nonspinning NS-BH binaries3. In con-

3 For mass ratio 7, in absence of spin, we expect no observable differences
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FIG. 1. Overview of the new very long simulation. The main panel
shows the (2,2) spherical-harmonic mode of the GW strain, with en-
largements in the lower insets. The top inset shows the Fourier spec-
tra of the new waveform in blue and the NR-NR hybrid waveform
(used for comparisons with analytical models) in yellow, overlaid
with noise power spectral densities of aLIGO at the early (dashed
black) and design (solid black) sensitivity [4]. The waveforms in the
inset are scaled to total mass M = 45.5M� and luminosity distance
DL ⇡ 1.06 Gpc. For comparison, an older q = 6 waveform [24] of
representative length is shown in the main panel (offset vertically for
clarity) and in the power-spectrum inset.

trast, the q = 6 simulation plotted in green, which is represen-
tative of past simulations, starts at 3 times higher frequency,
and covers a much smaller portion of the aLIGO bandwidth
for a given M. Thus, we present here the first gravitational
waveform covering the entire design-aLIGO frequency band
for a nonspinning, compact-object binary at mass ratio q = 7
with a total mass as low as M = 45.5M�.

The short simulation is run at three different numerical
resolutions, and the long one at four resolutions. The long
simulation employs dynamical spectral adaptive mesh refine-
ment [34], so measured quantities (like BH masses or wave-
forms) do not always converge in a regular, predictable man-
ner with increasing resolution, as is the case when each resolu-
tion is defined by a fixed number of grid points. Furthermore,

in the merger signal between a BH-BH and a NS-BH binary [33].

Szilagyi et al. (2015)



Comparisons between SF and NR

• Want to compare (pseudo-)invariants 

• Independent verification of SF predictions 

• Discovery: test regime of validity 

• Compute higher order SF effects 

• Calibrate analytic waveform models
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What do we get from NR?
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Periastron Precession
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FIG. 1. Periastron advance extracted from numerical simulations.
Upper panel: The dashed curves show KNR(Wj )/KSch(Wj ) as com-
puted from Eqs. (3) and (4) using fitting intervals with two different
widths v . The solid lines show polynomial fits to KNR/KSch. Lower
panel: Residuals of the polynomial fits.
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FIG. 2. Relative uncertainty DK/K in the numerical-relativity perias-
tron advance as a function of the eccentricity e of the configuration.
Shown are data for four black-hole binaries with different mass ratios
q = m1/m2, one of them with a non-zero spin. Each symbol repre-
sents a separate numerical binary black hole evolution. The results
shown here were computed at the orbital frequency mWj = 0.033.

simple fitting formula (2) used. Early in the inspiral, these
oscillations are typically of order 0.1� 0.2%, and they grow
during the inspiral. The amplitude of these oscillations is fur-
thermore strongly dependent on the width v of the fitting win-
dow. This dependence arises because a longer fitting interval
includes a larger number of the eccentricity-induced oscilla-
tions in W(t) that the fitting function (2) is designed to capture,
and therefore reduces the uncertainty of the fit.

A second important effect enters through the magnitude of
the eccentricity. The oscillatory term in Eq. (2) will be propor-
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FIG. 3. Effect of the choice of width v on the measured periastron
advance. Shown are data for the three reference frequencies We/m/l
and for two exemplary runs: (q,c1,c2) = (1,0,0) and (q,c1,c2) =
(8,0.5,0). The symbols denote KNR/KSch as measured with width
v indicated on the x-axis. The dotted lines denote fits indicating the
extrapolation to zero width, v ! 0. The number next to each dotted
line indicates the fractional change in KNR/KSch between v = 1.2
and v ! 0. For ease of plotting, the data for q = 8 and mWj = 0.036
has been shifted up by 0.1.

tional to the eccentricity of the orbit. With decreasing eccen-
tricity, this oscillatory term will be increasingly hard to isolate
and Wr will be increasingly difficult to measure. This effect
is illustrated in Fig. 2 which provides a survey of NR sim-
ulations at different eccentricities. An eccentricity e ⇠ 0.01
typically allows to measure K with a relative accuracy of or-
der 0.1%. For smaller eccentricities, the uncertainty in KNR
increases roughly inversely proportionally to e. For larger ec-
centricities, eventually the eccentricity-dependent corrections
to the periastron advance will become noticeable; the leading
relative correction is proportional to e2, and hence still negli-
gible for e ⇠ 0.01. Figure 2 shows data obtained at the orbital
frequency mWj = 0.033. As one moves closer to the merger,
the uncertainty DK increases.

A third systematic effect arises from the choice of the width
v of the fitting interval. Larger v systematically underesti-
mate KNR because the average radial frequency over the fitting
interval is biased towards larger values, as already visible in
Fig. 1. Figure 3 demonstrates this drift more clearly. As can be
seen, KNR drifts by an amount of order 0.1% to 1%; the drift
is generally smaller at large separations (where the inspiral
motion is very “small”), and more pronounced at small sep-
arations. This systematic error also gets smaller as the mass
ratio of the binary increases (more unequal masses).

C. Refined procedure

The three effects described in Sec. II B depend strongly on
the eccentricity e of the run being analyzed, on the width v
of the fitting interval, and on the orbital frequency Wj un-
der consideration for each binary configuration. All three

Le Tiec et al. (2013)
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Redshift factor z

• Invariant quantity in SF 
and PN theories 

• Wealth of connections: 
SF, PN, EOB 

• Sims have extended 
bodies 

• Interface w/ NR: 
connect to surface grav
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Redshift and surface gravity
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Redshift and surface gravity

7

Kt = 1

uµ = z�1Kµ

Kµ = (@t)
µ + ⌦ (@�)

µ



Redshift and surface gravity
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Redshift and surface gravity
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Redshift in NR

• Normalization absent 
• Consider rescaling 
!

• Rescaling invariant z 
!
!

• Don’t access EH: use 
AH
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Approximate HKV

• Quasicircular inspirals only have 
approximate HKV 
!

• Generators shear, horizon grows 
!
!

• Other errors: no corotation, nonadiabatic
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Redshift factor in NR
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Redshift vs PN
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First law of binary black holes
• First law: thermodynamic relation for BHs 
!
!

• Modified relations for circular binaries 
!
!
!

• Connect local and global properties, lower and higher 
orders in SF 

• Used in SF, PN, EOB 
• Can test with our numerical z
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First law of binary black holes
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Redshift vs SF
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Redshift vs SF
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Summary and outlook: 
Redshift
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• Extracted redshift in NR 
• Confirmed first law for 

binaries to 1:1000 
• Higher mass ratios, high 

order SF 
• Spinning, eccentric binaries 
• Testing and extending first 

law of binary black holes



Outlook: SF and NR

• Already done by others: 
periastron advance, E(J) 

• Redshift in infancy 
• Self torque (hard) 
• Other frequency shifts 
• Tidal invariants 
• Everything with spin, 

eccentricity 
• Pushing to high mass 

ratios key
16
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