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Accuracy/validity of conservative GSF PN 
calculations

Akcay et al 2012- huu has a pole at r = 3M.

Bini et al 2016- radius of convergence at best
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Analytics with MST series- large radius, small 
frequency
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Analytics with MST series- large radius, small 
frequency
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For consistency, ⌫ is picked so that Rn(⌫)Ln�1(⌫) = 1.

This is all perfect for numerics- one of the faster parts of the calculation.
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Analytics with MST series- large radius, small 
frequency

14
13
12
11
10
9
8
7
6
5
4
3
2
1

-1 0 1 2 3 4 5 6 7 8 9 10 11 12
-1
-2
-3
-4
-5
-6
-7
-8
-9

-10
-11
-12
-13
-14

gn(!) = ↵⌫
na

⌫
n+1 + �⌫

na
⌫
n + �⌫

na
⌫
n�1

a⌫n =
1X

i=imin

a⌫,(i)n !i ⌫ = `+ ⌫(2)(a!)2 + ⌫(3)(a!)3 + ...

n

a⌫,(i)n

⌫(i)



14
13
12
11
10
9
8
7
6
5
4
3
2
1

-1 0 1 2 3 4 5 6 7 8 9 10 11 12
-1
-2
-3
-4
-5
-6
-7
-8
-9

-10
-11
-12
-13
-14

Analytics with MST series- large radius, small 
frequency

gn(!) = ↵⌫
na

⌫
n+1 + �⌫

na
⌫
n + �⌫

na
⌫
n�1

a⌫n =
1X

i=imin

a⌫,(i)n !i ⌫ = `+ ⌫(2)(a!)2 + ⌫(3)(a!)3 + ...

n

a⌫,(i)n

⌫(i)



Analytics with MST series- large radius, small 
frequency
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Analytics with MST series- large radius, small 
frequency

With the coefficients in hand proceeding with calculating the Weyl scalar is systematic
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Analytics with MST series- large radius, small 
frequency
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Analytics with MST series- large radius, small 
frequency
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For ‘large’ ` the homogeneous solutions are simple
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-No more special functions or MST!

• Use homogeneous solutions to reconstruct the metric via 
CCK 

• expand explicitly in inverse radius



l mode regularisation with spheroidal 
harmonics

• Divergence appears in the infinite sum

HR =
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• HS is calculated using Detweiler-Whiting near the worldline 
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l mode regularisation with spheroidal 
harmonics

• PN gives large l exactly

• Read off reg params
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l mode regularisation with spheroidal 
harmonics

• Scalar sphericals, tensor harmonics, spin-weighted 
spherical/spheroidal 

• Teukolsky+CCK-Complicated combination of 
spheroidal harmonics+derivatives

Scalar spherical Barack & Ori, Heffernan, Ottewill & Wardell

Tensor spherical Wardell & Warburton 15'

Spheroidal CK, Ottewill & Wardell 16’ (redshift inv)



l mode regularisation with spheroidal 
harmonics

• To use the scalar harmonic RP's, you need to change basis, e.g.

Sˆ̀m(�) =
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• Reordering sums you get couplings between modes e.g.

Cumbersome for high order PN 
'lose' ell modes for numerics



l mode regularisation with spheroidal 
harmonics

• Wardell & Warburton- Used Detweiler Whiting to get regularisation 
parameters for the entire metric and it's derivatives in a tensor 
spherical harmonic basis- importantly for PN

Htensor
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= Hscalar
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• Maybe also true for        in the spheroidal basis..H[0]
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l mode regularisation with spheroidal 
harmonics

hS,`m
µ⌫ =

Z
hS
µ⌫S

⇤
`m(↵,�, a!)d⌦

S`m(✓,'; a!) = Y`m + a2!2


� `↵`�1↵`

2`(2`� 1)
Y`�2,m +

(`+ 1)↵`+1↵`+2

2(`+ 1)(2`+ 3)
Y`+2,m

�

hS,`
µ⌫ =

X̀

m=�`

hS,`m
µ⌫ S`m(↵,�, a!)



l mode regularisation with spheroidal 
harmonics
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- factor of m gives extra powers of ` needed for a contribution to leading

order regularisation parameter.
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l mode regularisation with spheroidal 
harmonics
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l mode regularisation with spheroidal 
harmonics

Eccentric orbits should also be possible, comes down to 
the frequencies, e.g.
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- the radial frequency term can ‘probably’ be neglected in the leading order regularisation parameter.



Redshift invariant for circular orbits in Kerr 
-exact in spin parameter

c1 = �1, c2 = �2, c2.5 =

7
3q, c3 = �5� q2, c3.5 =

46
3 q, c4 = � 121

3 +

41
32⇡

2 � 86
9 q2, c4.5 = 77q + q3,

c5 = � 1157
15 � 128

5 � +

677
512⇡

2 � 256
5 log(2)� 577

9 q2, cln5 = � 64
5 , c5.5 =

⇥
974
3 +

29
32⇡

2
⇤
q + 1526

81 q3,



Conclusion/Future


