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A spinning particle in Kerr spacetime

M

µ<<M

GW

µ

Zeroth order in the mass ratio

- Geodesic orbits with (E , Lz ,C )

First order in the mass ratio

Deviation from the geodesic orbits because of

- Radiation reaction
- Spin of the particle, ...
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Equations of motion of the spinning particle

At the linear order in the spin:

D

dτ
pµ(τ) = −1

2
Rµ

νρσ(z(τ))v
ν(τ)Sρσ(τ),

D

dτ
Sµν(τ) = 2p[µ(τ)v ν](τ)(= 0),

where vµ(τ) = dzµ(τ)/dτ , pµ(τ) and Sµν(τ) are the linear and spin
angular momenta of the particle.

⋆ Hamiltonian can be found in Barausse+(2009), Vines+(2016).

⋆ Motion couples to the evolution of the spin

⋆ Frequencies of the motion and the spin precession?

⋆ Osculating geodesics? [Ruangsri+(2015)]
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Conserved quantities

E

µ
= uµξµ − 1

2µ
Sµνξµ;ν ;

Jz

µ
= uµχµ − 1

2µ
Sµνχµ;ν ,

Q

µ2
=

1

2
fµσf

σ
ν uµuν − uµ

Sρσ

µ

(
f νσfµρν − f ν

µ
fρσν

)
,

where

ξµ =

√
∆

Σ
e0

µ
+

a sin θ√
Σ

e3
µ
; χµ = a sin2 θ

√
∆

Σ
e0

µ
+

(r2 + a2) sin θ√
Σ

e3
µ
,

fµν = 2a cos θ e1[µe
0
ν] + 2r e2[µe

3
ν]; fµνσ = fµν;σ,

and ea
µ
is the tetrad frame deined by

e0
µ

=
(√∆

Σ
, 0, 0,−a sin2 θ

√
∆

Σ

)
, e1

µ
=

(
0,

√
Σ

∆
, 0, 0

)
,

e2
µ

=
(
0, 0,

√
Σ, 0

)
, e3

µ
=

(
− a√

Σ
sin θ, 0, 0,

r2 + a2√
Σ

sin θ
)
,

Note dfµνσ/dt = O(S2) and Q is the approximate conserved quantity.
(cf. Kµν = fµσf

σ
ν = r2gµν + 2Σl(µnσ))
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Equations of motion in the equatorial plane

Using conserved quantities E and Jz , EOM can be derived for
spin-aligned binary in the equatorial plane

r 2
dt

dτ
= a[Jz − (a + s)E ] +

r 2 + a2

∆
P(E , Jz , a, s; r),

r 4
(
dr

dτ

)2

= R(E , Jz , a, s; r),

r 2
dϕ

dτ
= [Jz − (a + s)E ] +

a

∆
P(E , Jz , a, s; r),

where a is the spin of the Kerr and s2 = SµνS
µν/2µ2.

We can estimate orbital frequencies, Ωr and Ωϕ, and compute energy
flux using the energy-momentum tensor

T ab =

∫
dτ

{

p(avb) δ
(4)(x − z(τ))√−g

− e(aνe
b)
ρ∇µS

µνv ρ δ
(4)(x − z(τ))√−g

}

,
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PN energy flux for spin-aligned binary in circular

inspirals

(spin)1 (spin)2 (spin)3

BHP 2.5PN for µ’s spin - -
[Tanaka et.al.(1996)]

PN 3.5PN (NNLO) 3PN (NLO) 3.5PN (LO)
[Bohé et.al.(2013)] [Bohé et.al.(2015)] [Marsat (2015)]
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2.5PN energy flux for spin-alighed binary

⟨
dE

dt

⟩
= −32

5

( µ

M

)2

(MΩ)10/3

×

[

1− 1247

336
(MΩ)2/3 +

(
4π − 11

4
q − 5

4
ŝ

)
(MΩ)

+

(
−44711

9072
+

33

16
q2 +

31

8
qŝ

)
(MΩ)4/3

+


−8191

672
π +

59

16
q−13

16
ŝ

| {z }
TBC...


 (MΩ)5/3

]

,

where q = a/M and ŝ = S/M . [Tanaka et.al.(1996)]

q Jz terms may be larger than ŝ Jz terms

qŝ terms may be larger than q2 terms
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Comparison with numerical results

⋆ |1− dEdtPN/dEdtNum| for q = 0.9, ŝ = 0.9, and l = m = 2
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[Numerical results : Harms et. al. (2015)]

⇒ Relative error for Tanaka et. al. at 2.5PN is ∼ 1/p3 and better than RF
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Comparison with numerical results

⋆ |1− dEdtPN/dEdtNum| for q = 0.9, ŝ = 0, and l = m = 2
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[PN results: RF (2015), Numerical results : Harms et. al. (2015)]

⇒ Relative error at 10PN is ∼ 1/p10 when ŝ = 0
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Summary

Spinning particle around a Kerr black hole
⋆ Energy flux for circular and spin-aligned orbits

– Comparison with PN and numerical results suggest our results
are not correct

Future

⋆ BH absorption
⋆ High PN calculation for circular orbits in the equatorial plane
⋆ Eccentric and spin-aligned orbits in the equatorial plane
⋆ Circular and slightly inclined orbits
⋆ More generic orbits?

Ryuichi Fujita (CENTRA/IST) GWs from a spinning particle in Kerr Capra 19, 30 June 2016 9 / 10


