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EOB THEORY + EOB[NR] + EOB[SF] DEVELOPMENTS
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Buonanno,Damour 99                                          (2 PN Hamiltonian)  !
Buonanno,Damour 00                                          (Rad.Reac. full waveform) !
Damour, Jaranowski,Schäfer 00       (3 PN Hamiltonian) !
Damour 01,                                                                                       (spin) 
Buonanno, Chen, Damour 05, 
Damour-Jaranowski,Schäfer 08,   
Barausse, Buonanno, 10,       
Nagar 11,  
Balmelli-Jetzer 12,  
Taracchini et al 12,14, 
Damour,Nagar 14 
                                                       
Damour, Nagar 07,                                                                          (factorized waveform) 
Damour, Iyer, Nagar 08,  
Pan et al.  11     !
Damour, Nagar 10 
Bini-Damour-Faye 12                                                (tidal effects)  !
Bini, Damour 13, Damour, Jaranowski, Schäfer 15    (4 PN Hamiltonian) 

EOB vs NR and EOB[NR]    
Buonanno, Cook, Pretorius 07,  
Buonanno, Pan, Taracchini 08- 
Damour-Nagar 08-  

EOB vs SF and EOB[SF] 
Damour 09 
Barack-Sago-Damour 10 
Barausse-Buonanno-LeTiec 12 
Akcay-Barack-Damour-Sago 12 
Bini-Damour 13-16 
LeTiec 15 
Bini-Damour-Geralico 16 
Hopper-Kavanagh-Ottewill 16 
Akcay-vandeMeent 16 !

Reduced Order Model version (Pürrer 2014, 2016) of 
EOB[NR] (Taracchini et al 2014) 
 
Phenomenological model (Ajith et al 2007, Hannam et 
al 2014, Husa et al 2016, Kahn et al 2016) 
of FFT of hybrids EOB + NR 
 
 
 



EFFECTIVE ONE BODY (EOB) FORMALISM
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Buonanno-Damour 99,00; Damour-Jaranowski-Schaefer 00; Damour 01; Buonanno-Chen-Damour 05

•Blurred transition from inspiral to plunge 
•Final black-hole mass 
•Final black hole spin 
•Complete waveform

⌫ =
m1m2

(m1 + m2)2
=

µ

M

Buonanno-Damour 2000



                    EOBNR

STRUCTURE OF THE EOB FORMALISM

EOB Hamiltonian

Resummed (BD99)

PN dynamics 
(DD81,D82,DJS01,IF03,BDIF04
)

EOB Rad. Reac. force

F̂�HEOB

Factorized waveform

h⇧m = h(N,⇥)
⇧m ĥ(⇥)

⇧m

ĥ(⇥)
⇧m = Ŝ(⇥)

effT⇧mei��m�⇧
⇧m

Resummed (DN07,DIN08)Resummed (DIS98)

BH perturbations  
RW57, Z70, Z72

hEOB
�m = �(tm � t)hinsplunge

�m (t) + �(t� tm)hringdown
�m (t)

hringdown
⇤m (t) =

�

N

C+
Ne��+

N (t�tm)

EOB waveform

PN waveform 
BD89, B95&05,ABIQ04,

PN rad losses 
WW76, BDIWW95, BDEFI 
05

Matching at merger time

⇥N = �N + i⇤N

QNMs spectrum

BNS: tides 
(Love numbers)
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                    EOBNR

REAL DYNAMICS VERSUS EFFECTIVE DYNAMICS
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Real dynamics Effective dynamics Real dynamicsReal dynamics

G2 : 1 loop

H = H0 +
�

GH1 +
G2

c2
H2 +

G3

c4
H3 +

G4

c6
H4

⇥ �
1 +

1
c2

+ . . .

⇥

ds2
e� = �A(r)dt2 + B(r)dr2 + r2(d�2 + sin2 �d⇥2)

Effective point-particle moving in a (spherical) effective metric

G3 : 2 loops G4 : 3 loops

G ge�
µ⇥

µ =
m1m2

m1 + m2

S = �
�

µds + . . .



TWO-BODY/EOB “CORRESPONDENCE”: 
BREZIN-ITZYKSON-ZINN-JUSTIN + THINK QUANTUM-MECHANICALLY (J.A. WHEELER)
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1:1 map
(m1, m2)

µ =
m1m2

m1 + m2

ge�
µ⇥

Sommerfeld’s  
“Old Quantum Mechanics” 
(action-angle variables & 
  Delaunay Hamiltonian)

J = ⌃� =
1
2�

�
p�d⇥

N = n� = Ir + J

Ir =
1
2�

�
prdr

Real 2-body system 
(in the c.o.m. frame)

An effective particle 
in some effective metric

Hclassical(q, p) Equantum(Ia = nah) = f�1[Equantum
e� (Ie�

a = nah)]

E = f(E)

Hclassical(Ia)

µ2 + gµ⇥
e�

⇥Se�

⇥xµ

⇥Se�

⇥x⇥
+O(p4) = 0



EXPLICIT FORM OF THE 3PN EOB HAMILTONIAN
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EOB Hamiltonian

All functions are a   -dependent deformation of the Schwarzschild ones�

A(r) = 1� 2u + 2�u3 + a4�u4

u = GM/(c2R)

Ĥe� �

⇧⌅⌅⇤p2
r� + A(r)

�
1 +

p2
�

r2
+ z3

p4
r�

r2

⇥

Contribution at 3PN

Simple effective Hamiltonian:

a4 =
94
3
� 41

32
�2 ⇥ 18.6879027

A(r)B(r) = 1� 6�u2 + 2(3� � 26)�u3

Crucial EOB radial potential

pr� =
�

A

B

⇥1/2

pr

HEOB = M

⇤
1 + 2�

�
Ĥe� � 1

⇥
⌫ ⌘ µ

M
⌘ m1m2

(m1 +m2)2



2-body Taylor-expanded N + 1PN + 2PN Hamiltonian 
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2-body Taylor-expanded 3PN Hamiltonian [JS 98, DJS 01] 



                    EOBNR

PADE RESUMMATION OF A(R) POTENTIAL
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3 [A3PN]
P 1

4 [A4PN(a5 = 0)]
P 1

5 [A5PN(a5 = 0, a6 = 0)]

•Continuity with Schwarzschild metric: A(r) needs to have a zero 
•Simple (possible) prescription: use a Padé representation of the potential

A(r) = P 1
3 [A3PN(r)] =

1 + n1u

1 + d1u + d2u2 + d3u3
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                    EOBNR

HAMILTON’S EQUATIONS & RADIATION REACTION

‣The system must radiate angular momentum 
‣How?Use PN-based (Taylor-expanded) radiation  
   reaction force (ang-mom flux) 
‣Need flux resummation 
!
!
!

 Plus horizon contribution [Nagar&Akcay2012]

Ĥ0
e�(r, p�; �) =

⇧⌅⌅⇤A(r; �)

�
1 +

p2
�

r2

⇥

Circular orbit

     Last-Stable-Orbit (LSO): r < 6M

Plunge

F̂Taylor
� = �32

5
��5r4

�F̂Taylor(v�)
Resummation multipole by multipole 
(Damour&Nagar 2007, 
 Damour, Iyer & Nagar 2008, 
 Damour & Nagar, 2009)

ṙ =
�

A

B

⇥1/2 ⇥ĤEOB

⇥pr�

�̇ =
⇥ĤEOB

⇥p�
⇥ �

ṗr� = �
�

A

B

⇥1/2 ⇥ĤEOB

⇥r
+ F̂r�

ṗ� = F̂�
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                    EOBNR

MULTIPOLAR WAVEFORM RESUMMATION 

Newtonian x PN x NQC
Next-to-quasi-circular correction

PN-correction

  Resummation of the waveform (and flux) multipole by multipole  
  [Damour&Nagar 2007, Damour, Iyer, Nagar 2008] 

ĥ(⇥)
⇤m = Ŝ(⇥)

e� T⇤mei��m�⇤
⇤m

The “Tail factor”

Effective source: 
EOB (effective) energy (even-parity modes) 
EOB angular momentum (odd-parity modes)

T⇥m =
�(⇥ + 1� 2iˆ̂k)

�(⇥ + 1)
e�̂̂ke2iˆ̂k ln(2kr0)

Resums an infinite number of leading logarithms 
in tail effects (hereditary contributions) 

Remnant phase and  
modulus corrections: 
“improved” PN series 
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                    EOBNR

RESUMMING RADIATION REACTION
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Residual amplitude correction:

F⇥ ⇥ �
1

8��

⇤max�

⇤=2

⇤�

m=1

(m�)2|Rh(�)
⇤m|2

eulerlogm(x) = � + log 2 +
1
2

log x + log m



MAIN RADIAL RADIAL EOB POTENTIAL A(R) 
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EOB VS NR
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waveform (Damour-Nagar 09), 
energetics(Nagar-Damour-Resswig-Pollney 16), 
periastron precession (LeTiec-Mroue-Barack- 

Buonanno-Pfeiffer-Sago-Tarachini 11, and 
scattering angle (Damour-Guercilena-Hinder-Hopper- 

Nagar-Rezzolla 14)

ï0.13

ï0.12

ï0.11

ï0.1

ï0.09

ï0.08

ï0.07

ï0.06

ï0.05

ï0.04

E
b

 

 
4PN
NR
EOB, Fr = 0
EOB, Fr ̸= 0

2.8 3 3.2 3.4 3.6 3.8

0

1

2

3

x 10ï3

j

∆
E

E
O
B
N
R

b

ï0.039

ï0.0388

ï0.0386

ï0.0384

ï0.0382

ï0.038

ï0.0378

 

 

q = 1, (χ1,χ2) = (0, 0)



PN, EOB, NR, PHENOMD
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 PN accuracy loss during inspiral
Dimensionless « quality factor » of GW phase Q! = f2 d

2 (f)

df2
⇡ !2

!̇

Q! �QN
!
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IMRPhenomD [Khan et al.]
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q = 1



THE EOB POTENTIALS: A, B, Q,G_S, G_S*
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H = M

s

1 + 2⌫

✓
He↵

µ
� 1

◆
S = S1 + S2

S⇤ =
m2

m1
S1 +

m1

m2
S2

⌫ =
µ

M
=

m1m2

(m1 +m2)2

He↵ =

s

A(r, ⌫, S, S⇤)

✓
µ2 +

L2

r2
+

p2r
B(r)

+Q(r, pr)

◆
+GSL.S+GS⇤L.S⇤

Aligned spins:



EOB, PN AND SF
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PN vs SF expansions :expansion in u =
GM

c2r

vs expansion in ⌫ =
µ

M
=

m1m2

(m1 +m2)2

APN(u; ⌫) = 1� 2u+A2(⌫)u
2 +A3(⌫)u

3 +A4(⌫)u
4 +Oln(u

5)

ASF(u; ⌫) = 1� 2u+ ⌫a1(u) + ⌫2a2(u) +O(⌫3)

D̄(u) = (A(u)B(u))�1

D̄SF(u) = 1 + ⌫d̄1(u) + ⌫2d̄2(u) + 0(⌫3)

M3GS(u; ⌫) = 2u3 + ⌫G1SF
S (u) + ...

M3GS⇤(u; ⌫) = Gtest spinning particle
S⇤

(u) + ⌫G1SF
S⇤ (u) + ...

Q(u, pr, ⌫)

µ2
= ⌫q1SF

4 (u)

✓
pr
µ

◆4

+ ...



PN, EOB AND GSF
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Comparable-mass case:  

Gravitational Self-Force Theory : m1 << m2 

• Analytical high-PN results : Blanchet-Detweiler-LeTiec-Whiting ’10, 

Damour ’10, Blanchet et al ’10, LeTiec et al ’12, Bini-Damour ’13-15, 

Kavanagh-Ottewill-Wardell ’15 

• (gauge-invariant) Numerical results : Detweiler ’08, Barack-Sago ’09, 

Blanchet-Detweiler-LeTiec-Whiting ’10, Barack-Damour-Sago ’10, Shah-

Friedman-Keidl ’12, Dolan et al ’14, Nolan et al ’15, … 

• Analytical PN results from high-precision (hundreds to thousands of 

digits !) numerical results : Shah-Friedman-Whiting ’14, Johnson-McDaniel-

Shah-Whiting ’15  

m1 ⇠ m2



4PN ADM HAMILTONIAN (DJS 14)
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(with a crucial SF input from Bini-Damour 13)



4PN EOB POTENTIALS (DJS 15)
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Remarkable feature: after several cancellations  A3PN(u,nu) is linear 
in nu, and A4PN(u,nu) is only quadratic in nu



SF-DERIVED EOB INFORMATION

22

Damour 2010: use gauge-invariant observables
1SF contribution to LSO frequency shift: M⌦LSO =

1

63/2
(1 + C⌦⌫ +O(⌫2))

C⌦ = 1�
r

8

9
+

3

2

✓
a1(

1

6
) +

1

6
a01(

1

6
) +

1

18
a001(

1

6
)

◆

Precession function of small-eccentricity orbits:

⇢(x) = 4x

✓
1� 1� 2xp

1� 3x

◆
+ a1(x) + xa

0
1(x) +

1

2
x(1� 2x)a001(x) + (1� 6x)d̄1(x)

⇣!r

⌦

⌘2
= 1� 6x+ ⌫⇢(x) +O(⌫2)

Gauge-invariant scattering angle: �scattering = �(E ,J )

Angular momentum and whirl frequency of zero-binding zoom-whirl orbit 
(see Colleoni’s talk)

First SF computation of 
a strong-field EOB potential 
Barack-Damour-Sago 2010



OTHER SF-DERIVED EOB INFORMATION
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Detweiler’s redshift 08 + First Law (LeTiec-Blanchet-Whiting 12, Blanchet-Buonanno-LeTiec 13, LeTiec 15): 
!

Barausse-Buonanno-LeTiec , Akcay-Barack-Damour-Sago, Bini-Damour, LeTiec, Bini-Damour-Geralico,  
Hopper-Kavanagh-Ottewill, Akcay-vandeMeent,…

doubly rescaled a_1(u)

d_1(u) q_1(u)



GSF : ANALYTICAL HIGH-PN RESULTS
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Bini-Damour 15 Kavanagh et al 15



SF CONFIRMATIONS OF ADM 4PN DYNAMICS
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Damour-Jaranowski-Schaefer 2016 using several bridges (EOB, periastron precession, First 
Law BBH Dynamics [LeTiec-Blanchet-Whiting 2012], order-reduction) and recent SF results 

[vandeMeent-Shah2015; Bini-Damour-Geralico2016; Hopper-Kavanagh-Ottewill2016;  
Akcay-vandeMeent2016; vandeMeent2016;…

= 64.6405647571193……

(van de Meent 16)

incompatible with  
Bernard-Blanchet-Bohe-Faye-Marsat 16.



SF-DETERMINED SPIN-DEPENDENT COUPLING FUNCTIONS
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A(r,M, ⌫, S1, S2) = AKerr(r,M, a1 + a2) + ⌫(A(0)
1SF (u) + â22f

(0)
A (u) + ...) + ...

GS(r,M, ⌫, S1, S2) = GKerr
S (r,M, a1 + a2) + ⌫(G(0)

S 1SF (u) + â22G
(2)
S + ...) + ...

Bini-Damour-Geralico 2016: analytical and SF-numerical-extracted results



SF-DETERMINED SPIN-DEPENDENT COUPLING FUNCTIONS 
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SF-numerical data extracted from Shah-Friedman-Keidl 12 redshift data around Kerr 
(corrected) compared to analytical BDG 16 results



SF-DETERMINED TIDAL COUPLING FUNCTIONS
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2PN knowledge  (Bini-Damour-Faye 12)

High-order analytical SF knowledge Bini-Damour 14 



SF-DETERMINED TIDAL KNOWLEDGE
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BD14: combining PN, SF-analytical, SF-numerical (Dolan-Nolan-Ottewill-Warburton-Wardell14)  
and EOB-light-ring info 

Used for NR-comparisons in Bernuzzi et al 15



FUTURE PROSPECTS EOB+SF 
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EOB[SF] for LISA

 2SF  approximation A(u) = 1� 2u+ ⌫a1(u) + ⌫2a2(u) +O(⌫3)

Bini-Damour 16

Completing EOB conservative dynamics and  radiation reaction by both  
non-circular PN  info (a la Bini-Damour 12) and by SF knowledge


