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EFFECTIVE ONE BODY (EOB) FORMALISM

Buonanno-Damour 99,00; Damour-Jaranowski-Schaefer 00; Damour 01; Buonanno-Chen-Damour 05

———- r-LSO v=1/4

Buonanno-Damour 2000 Ty

0.22 -0
é L
0.12 ol
-15 F
0.02
Rt TR S— 5 10 15 2
-0.08 *
-0.18 inspiral + plunge
—-— merger + ring—down
= naive LSO
-0.28 : L .
i i T8 *Blurred transition from inspiral fo plunge
Db ®E-LSO e Final black-hole mass
po-1.5S0 . .
*Final black hole spin
9% ~100 0 100 *Complete waveform

M

(m1 + m2)2 M




STRUCTURE OF THE EOB FORMALISM
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REAL DYNAMICS VERSUS EFFECTIVE DYNAMICS

Real dynamics

E— /<
G G? : 1 loop
3. 4
G°: 2 loops G*: 3 loops
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Effective dynamics
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Effective point-particle moving in a (spherical) effective metric
ds2q = —A(r)dt? + B(r)dr? + r*(d6* + sin* dy?)



TWO-BODY/EOB “CORRESPONDENCE”":

BREZIN-ITZYKSON-ZINN-JUSTIN + THINK QUANTUM-MECHANICALLY (J.A. WHEELER)

Real 2-body system
(in the c.o.m. frame)
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Figure 1: Sketch of the correspondence between the quantized energy levels of
the real and effective conservative dvnamics. n denotes the ‘principal quantum
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EXPLICIT FORM OF THE 3PN EOB HAMILTONIAN

EORB Hamiltonian
X mims

Heop = M\/l + 2v (I:Ieff — 1) CTM T (o ma)?

All functions are a -dependent deformation of the Schwarzschild ones

441
A(r) =1 = 2u + 2vu® + agvu® ay = % ~ Gy = 18.6879027

A(r)B(r) =1—6vu® +23v —26)vu® Y — GM/(c*R)

Simple effective Hamiltonian:

2 4 1/2
~ D D A
—_ 2 % T % -

Crucial EOB radial potential

Co’rribu’rion at 3PN
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2-body Taylor-expanded N + 1PN + 2PN Hamiltonian
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2-body Taylor-expanded 3PN Hamiltonian [JS 98, DJS 01]
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PADE RESUMMATION OF A(R) POTENTIAL

‘ ‘ _llPN T T T T !
L . |==-2PN !
\ Lo r== 3PN !
— P [Aspy] J
Pi[Aspx(as = 0)] :
P51 [A5PN (0,5 = 0, ag — O)]

0.8

*Continuity with Schwarzschild metric: A(r) needs to have a zero
- Simple (possible) prescription: use a Padé representation of the potential

1+ niu
__ pl[ 43PN -
A(r) = BAYN()) = g
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HAMILTON’S EQUATIONS & RADIATION REACTION
. (A) 1/2 (9[:]]3()]3 H ' ' |___p,=38 finspiral]
r = J

1051 p_{warphi} = 3.2 [LSO] -
—Py= 2.8 [plunge]

B Opr
“ il N‘ Circular orbit

pgoz

» The system must radiate angular momentum

»How?Use PN-based (Taylor-expanded) radiation
reaction force (ang-mom flux)

»Need flux resummation

- Resummation multipole by multipole

Taylor 2% 5 4 rTaylor % (Damour&Nagar 2007,
FSO 5 AT I (1)90) Damour, Iyer & Nagar 2008,
Plus horizon contribution [Nagar&Akcay2012] Damour & Nagar, 2009)

EOBNR
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MULTIPOLAR WAVEFORM RESUMMATION

Resummation of the waveform (and flux) multipole by multipole
[Damour&Nagar 2007, Damour, Iyer, Nagar 2008]

Next-to-quasi-circular correction

hom = h<N V() BNQC - Newtonian x PN x NQC

PN correc’rlon

Remnant phase and
«g modulus corrections:
“improved” PN series

7 Premrmsm——— - F(€ +1 - Qik) ew*k 62il§1n(2kro)
Effective source: I‘(f + 1) |
EOB (effective) energy (even-parity modes) R omme an nFimte number of leading logar Thme.
EOB angular momentum (odd-parity modes) in tail effects (hereditary contributions)

12
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RESUMMING RADIATION REACTION

fnax 6
=g h QQRh 2

Residual amplitude correction:
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MAIN RADIAL RADIAL EOB POTENTIAL A(R)

m1=m2 case
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EOB VS NR

waveform (Damour-Nagar 09),
energetics(Nagar-Damour-Resswig-Pollney 16),
periastron precession (LeTiec-Mroue-Barack-
Buonanno-Pfeiffer-Sago-Tarachini 11, and
scattering angle (Damour-Guercilena-Hinder-Hopper-
Nagar-Rezzolla 14)
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PN, EOB, NR, PHENOMD

PN accuracy loss during inspiral ) )
Dimensionless « quality factor » of GW phase Q. = f2 d w(f) O

r? " w

15 .
= NR (FT)
EOB (FT)
10+ = EOB (SPA)
— — 35PN
— IMRPhenomD [Khan et al.]
5+ — — — Schwarzschild LSO

N
Qw_ w




THE EOB POTENTIALS: A, B, Q,G_S, G_S*

M mi1msa
M (m1 -+ m2)2

He
H=M 1+2u( lcf—1) S=581+5;
Y 2 mi

S* — —Sl + —SQ

mq ma

Aligned spins:

L2 pQ
_ I 2 r D L.S L.S,
Heff \/A(Ta v, S,S ) <:u + 2 + B(T) —I—Q(T p )> _|_GS _|_GS*




EOB, PN AND SF

| o GM
PN vs SF expansions :expansion in u = 5
ceT
o L B my1msa
VS expansion in M~ (my + mg)?

APN(u;v) =1 = 2u + As(V)u? + As(v)u® + As(v)u* + O (u®)
A (u;v) =1 = 2u+ vai (u) + v2as(u) + O(?)
(U) (A(u)B(u)) ™
SF(w) =1+ vdy (u) + v2da(u) + 0(2)

Q(u, pr,v) _ v SF (1) (&)4 +o




PN, EOB AND GSF

Comparable-mass case: 71l1 ~ 112

Gravitational Self-Force Theory : m; <<m,

 Analytical high-PN results : Blanchet-Detweiler-LeTiec-Whiting '10,
Damour 10, Blanchet et al 10, LeTiec et al '12, Bini-Damour '13-15,
Kavanagh-Ottewill-Wardell ’15

* (gauge-invariant) Numerical results : Detweiler '08, Barack-Sago '09,
Blanchet-Detweiler-LeTiec-Whiting ’10, Barack-Damour-Sago '10, Shah-
Friedman-Keidl ’12, Dolan et al ‘14, Nolan et al '15, ...

 Analytical PN results from high-precision (hundreds to thousands of
digits !) numerical results : Shah-Friedman-Whiting 14, Johnson-McDaniel-
Shah-Whiting ’15

'\’\«\,\‘4_...




4PN ADM HAMILTONIAN (D]JS 14)

(with a crucial SF input from Bini-Damour 13)
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4PN EOB POTENTIALS (DJS 15)

Remarkable feature: after several cancellations A3PN(u,nu) is linear
in nu, and A4PN(u,nu) is only guadratic in nu

94 41x? 22757 4237 128 256 412% 221 64
A(u)=l—2u+2vu3+(———”)vu4+<( T + 5 }’E+—ln2)u+(—”——)u2+—vlnu)u5,

3 32 512 60 5 32 6 5
(8.1a)
- 533 23761x* 1184 6496 2916
— 2 612\ 3 o _
D(u) =1+ 6vu* + (52v — 61°)u +(( 45 536 T 15 "ET 15 In2 + 5 ln3)v
12372 592 .
o(r,p') = (2(4 - 3v)vu? + ((— 5::(5)8 + 492§56ln2 - 33(5)481n3)1/ — 8312 + 10»3) u3) (n' - p")*
827 2358912 1399437 390625 27
((-3 -3 In2 + 50 In3 + T hﬁ)u—5L9+6f)ﬁ0f1ﬂ@+0bﬂd-ﬁfL

(8.1c)
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SF-DERIVED EOB INFORMATION

Damour 2010: use gauge-invariant observables {
1SF contribution to LSO frequency shift: MQuso = o771+ Cav +0(v%))

S 3 1 1.1 1 .1
:1_ - = - - / - s !/ -
Co 913 (a1(6)+6a1(6) 18a1(6>>

. . . . 2
Precession function of small-eccentricity orbits: (%) =1— 6z + vp(z) + O(?)
1 —2x

v1—3zx
Gauge-invariant scattering angle:

p(x) = 4x (1 — ) + a1 (z) + zay(x) + %x(l —2x)a} (z) + (1 — 6x)d; (x)

Xscattering _ X(ga j)

Angular momentum and whirl frequency of zero-binding zoom-whirl orbit
(see Colleoni’s talk)

0.9

* numerical data
2-pt Pade model

07 2PN

3PN

First SF computation of os| | INwindNwe
a strong-field EOB potential . *|
Barack-Damour-Sago 2010
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OTHER SF-DERIVED EOB INFORMATION

Detweiler’s redshift 08 + First Law (LeTiec-Blanchet-Whiting 12, Blanchet-Buonanno-LeTiec 13, LeTiec 15):

Barausse-Buonanno-LeTiec , Akcay-Barack-Damour-Sago, Bini-Damour, LeTiec, Bini-Damour-Geralico,

Hopper-Kavanagh-Ottewill, Akcay-vandeMeent,...
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GSF : ANALYTICAL HIGH-PN RESULTS

Bini-Damour 15 Kavanagh et al 15
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SF CONFIRMATIONS OF ADM 4PN DYNAMICS

Damour-Jaranowski-Schaefer 2016 using several bridges (EOB, periastron precession, First
Law BBH Dynamics [LeTiec-Blanchet-Whiting 2012], order-reduction) and recent SF results
[vandeMeent-Shah2015; Bini-Damour-Geralico2016; Hopper-Kavanagh-Ottewill2016;
Akcay-vandeMeent2016; vandeMeent2016;...
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SF-DETERMINED SPIN-DEPENDENT COUPLING FUNCTIONS
Bini-Damour-Geralico 2016: analytical and SF-numerical-extracted results
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SF-DETERMINED SPIN-DEPENDENT COUPLING FUNCTIONS

SF-numerical data extracted from Shah-Friedman-Keidl 12 redshift data around Kerr
(corrected) compared to analytical BDG 16 results
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FIG. 5 (color online). The quantity Gg(u,z,0,0) used in
Damour-Nagar (dashed curve) [39] as well as the present
determination (solid curve) are compared in the case v = 0.25.
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SF-DETERMINED TIDAL COUPLING FUNCTIONS

2PN knowledge (Bini-Damour-Faye 12)
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SF-DETERMINED TIDAL KNOWLEDGE

BD14: combining PN, SF-analytical, SF-numerical (Dolan-Nolan-Ottewill-Warburton-Wardell14)
and EOB-light-ring info

) 2 (27)ISF
21 A(27) 3u A ()
A wX,) =14 + X
s X) 1-3u "' (1-3u)7?
1.8 A2t A(Z’)ZSF
A + X3 (‘1 3 ()p) + O(X3u?),
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u
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FIG. 5 (color online). The full quadrupolar-electric tidal

factor A(lz‘)(u;Xl), Eq. (7.33) , is plotted (solid line) as a
function of the EOB variable u, for the choice of parameters
p=4 and X, = % For comparison, we plot, as a dashed

line, its standardly used 2PN-accurate approximation
AP PN X)) = 1+a ' (X))u+af ) (X,)u.
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FUTURE PROSPECTS EOB+SF

2SF approximation  A(u) =1 — 2u + vas (u) + v2as(u) + O(W?)

Bini-Damour 16
| 2~ 3 ~PN ~ Al -unkn
ZNe(Y) = 2B (y) + 25 (), 25Re(y) = Z5B(y) + 255N (),

URE0D) = US™() + Use ™" 0), U500 = U™ () + U3™ " (),

namely
s () = -y +y° - 28—9y3 + (—734 + ‘;—ifrz)y“ + (%r + 12—81n(2) + ‘11(8)—923”2 + %m(y) - %)f
Cate L

as-u OW) 3 9 3 3 3
25 (y) = iaéy" + (5 ag + a7+ 5“'7111 ln(y)> y + Ea’”y”/ 2,

— (-3/2 2 3
(my +my)Quso(v) = 67*[1 +vCq +1°Do] + O(), Dg, = 4.2858457(7) + 0.0021541a}, — 0.0007386a;"

+0.0004930d}, + 0.0002319d}, 5. (4.17)

FOB[SF] for LISA

Completing EOB conservative dynamics and radiation reaction by both
non-circular PN info (a la Bini—[%%mour 12) and by SF knowledge



