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1. Motivation & statement of the problem
1.1 Recent developments

Completion Problem (aka “¢ = 0,1" problem) occupied Capra community since
early 2000s. Must be addressed to take full advantage of 3 recent developments:

@ Progress on metric reconstruction from Weyl curvature scalars, for an
orbiting particle

@ Formulation of self-force and motion from a reconstructed metric,
with a practical mode-sum formula

@ Advances in semi-analytic methods for solving the Teukolsky equation,
based on the Mano-Suzuki-Takasugi (MST) approach

Capra 19 @ Paris Completion of metric reconstruction L. Barack



1. Motivation & statement of the problem

1.2 Progress on metric reconstruction

@ Reconstruction in vacuum (CCK)

Let hyp be a vacuum metric perturbation of Kerr and v, associated Weyl
scalar. Then, given any V satisfying

|:,Teukolsky‘“lj =0, DV = 71)47
hap may be reproduced ( “reconstructed”) using
rec 2
hgb )= D(chwa

to within a gauge perturbation and a linear combination of 4 “trivial”
homogeneous solutions:

oM 6J C metri KerrNUT
Clhab 4 C2hab 4 C3habme ric 4 C4haberr )

Completion: the task of determining c,,.
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1. Motivation & statement of the problem

1.2 Progress on metric reconstruction (cont'd)

@ In presence of matter sources, CCK Jigs
procedure fails to yield a valid solution .
even in vacuum away from sources | =~ @ TpITTT

Ori's “half-string” solutions

@ Reconstruction for bound orbits, with
string-like gauge singularities v r=ry0)

@ Reconstruction for circular equatorial

orbits, with gauge discontinuity on a @
sphere

_ — T eause g /g
@ Extension to any bound equatorial orbit discontinuity

Friedman’s “no-string” solution
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1. Motivation & statement of the problem
1.3 Self-force from a reconstructed metric

Two alternative mode-sum schemes:

oo

FE=Y [(Fa)i — (L +1/2)A% - B.] - 6DF
£=0

in a local Lorenz deformation of either of the half-string radiation gauges

in a no-string radiation gauge

@ AT and B, are Lorenz-gauge regularization parameters.
@ Values of 6DF depend on off-particle extension used to define (F, ).

@ (F,)% are constructed from the modes of the completed perturbations hfﬁ.
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1. Motivation & statement of the problem

1.4 Completion for a particle source

@ Need to determine c* in

(comp)+ SM + + | C metric KerrNUT
hap =iy + G hY) + o hS, + i hEs

° c3:t =0= cjt from regularity

@ ¢ and ¢ are readily determined from r — oo asymptotics, given total
ADM mass and angular-momentum of system.

@ So, the task is to determine the pair of constants ¢; and ¢, , or, equivalently

[€] == ¢ — ¢, [T =c —c;

Capra 19 @ Paris Completion of metric reconstruction L. Barack




1. Motivation & statement of the problem

1.4 Completion for a particle source

@ Need to determine c* in
4 .
hg(;omp) = Clﬂ:hg + C2:thab + C:thgbmetrlc + Cil:hg(berrNUT

° c3:t =0= cjt from regularity

@ ¢ and ¢ are readily determined from r — oo asymptotics, given total
ADM mass and angular-momentum of system.

@ So, the task is to determine the pair of constants ¢; and ¢, , or, equivalently
El=¢"—a, [Ul=¢ -
Why not just use F?

@ Calculation of D7 is hard and subtle

@ Wish to have control over internal perturbation and mass of black hole
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2. Earlier attempts at the problem

° Demand that hS;™P" and hSp™P~ match
smoothly on S up to a gauge transformation. Makes sense under the
assumption that h5°" and A%°~ can be matched smoothly (up to gauge).
Applied for Schwarzschild (circular orbits) only.
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2. Earlier attempts at the problem

° Demand that hS;™P" and hSp™P~ match
smoothly on S up to a gauge transformation. Makes sense under the
assumption that h5°" and A%°~ can be matched smoothly (up to gauge).
Applied for Schwarzschild (circular orbits) only.

° Fix the Komar mass and AM of (the
stationary and axisymmetric piece of) the perturbed spacetime at r — co
and on the horizon, assuming h;‘;‘fi have no contribution. Applied for

circular orbits in Kerr, where they get the correct answer.
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2. Earlier attempts at the problem

° Demand that hS;™P" and hSp™P~ match
smoothly on S up to a gauge transformation. Makes sense under the
assumption that h5°" and A%°~ can be matched smoothly (up to gauge).
Applied for Schwarzschild (circular orbits) only.

° Fix the Komar mass and AM of (the
stationary and axisymmetric piece of) the perturbed spacetime at r — co
and on the horizon, assuming h;‘;‘fi have no contribution. Applied for

circular orbits in Kerr, where they get the correct answer.

° , following Quasi-local
conserved integrals (requiring only background symmetries) may be used to
determine mass and AM content of h;ffi. Can be used to easily fix
completion piece in Schwarzschild, but hard to apply in Kerr.

Capra 19 @ Paris Completion of metric reconstruction L. Barack



2. Earlier attempts at the problem

° Demand that hS;™P" and hSp™P~ match
smoothly on S up to a gauge transformation. Makes sense under the
assumption that h5°" and A%°~ can be matched smoothly (up to gauge).
Applied for Schwarzschild (circular orbits) only.

° Fix the Komar mass and AM of (the
stationary and axisymmetric piece of) the perturbed spacetime at r — co
and on the horizon, assuming h;‘;‘fi have no contribution. Applied for
circular orbits in Kerr, where they get the correct answer.

° , following Quasi-local
conserved integrals (requiring only background symmetries) may be used to
determine mass and AM content of hﬁfi. Can be used to easily fix
completion piece in Schwarzschild, but hard to apply in Kerr.

° Considered a rotating circular mass ring. Require
continuity on S of the metric perturbation and of 11,1, 1)3. However, allow
for singularities in the equatorial plane in/outside the ring, so uniqueness of
completion unclear.
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3. Our strategy

Determine [€] and [J] by demanding that certain gauge-invariant fields
constructed from the completed perturbation are continuous on S:

Tt + W) = Tk + h™ )|

(Need two such conditions: either two invariants evaluated at a certain 6, or a single

invariant evaluated at two values of 6.)

The resulting completed perturbation (unlike h™¢) should be a vacuum
solution of the linearized EFE anywhere off the particle. But it is not
necessarily smooth (or even continuous) across S.

Here we do not take on the more ambitious task of “gauge smoothing”,
which is required for some applications (cf. Maarten van de Meent's talk).
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4. Auxiliary gauge-invariant fields

@ Introduce a reference gauge, in which §y» = 0:
O™ — 55 = 5 — £ = 0

_ Re(o*5y3")

= ¢ o &=

3Masin 0

_ (o~ *6u5™)

where g := —(r — iacos@)™*. So reference gauge is determined up to &°, &%,
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4. Auxiliary gauge-invariant fields

@ Introduce a reference gauge, in which §y» = 0:
6wor1g N 5wref 6w<2)rig 5 ’(,b =0

Re(o~*6¢5"8) ¢ = Im(o~*6y5"8)
3m ’ " 3Masind
where g := —(r — iacos@)™*. So reference gauge is determined up to &°, &%,

= ¢ =

@ The {rr,rf,00} components of the perturbation in the reference gauge,
h;eﬁf = hgrig 280,58 + 21 0)7‘577
are completely determined from {¢,£%}.

@ So take {71,7>,73} := {h‘,,ef het, IZ‘C} as our invariant fields. Think of each of
these as a (3rd-order) differential operator on hzr[;g
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4. Auxiliary gauge-invariant fields

@ Introduce a reference gauge, in which §y» = 0:
6wor1g N 5wref 6w<2)rig 5 ’(,b =0

Re(o~*6¢5"8) ¢ = Im(o~*6y5"8)
3M ' "~ 3Masinf
where g := —(r — iacos@)™*. So reference gauge is determined up to &°, &%,

= ¢ =

@ The {rr,rf,00} components of the perturbation in the reference gauge,
h;eﬁf = hgrig 280,58 + 21 0)7‘577
are completely determined from {¢,£%}.

@ So take {71,7>,73} := {hfff het, IZ‘C} as our invariant fields. Think of each of

these as a (3rd-order) differential operator on h%":.

@ For a = 0 take instead {Z1, 2o} := {hfff,11n((w;”'ig)}.
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5. Determination of the completion amplitudes:
5.1 Circular equatorial orbits in Kerr

Step 1: Write the Stationary & axisymmetric part of 4 as a sum over harmonics:

e}

Wit = 0" Y Ri(r) —2Yao(0),

(=2
Step 2: Solve the inhomogeneous Teukolsky equation with regular BCs, to obtain
Ri(riro) = C ()R (r)0(r — o) + C; (o) Ry (r)0(ro — r) + G/ ()3 (r — ro),

d"RF
drn

& oYy
doJ
o

N . , L2 .
where R;~ are suitable homogeneous solutions, and C;- = Zn,j:O anj(r)

'
Step 3: Solve the “inversion” equation for the Hertz potential,

FUt — 8@74,¢)SAS:I:
- 4 )
on either sides of S, to obtain

Tt = ; %qﬂmmf(mzwo(e)-
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5. Determination of the completion amplitudes:
5.1 Circular equatorial orbits in Kerr (cont’d)

Step 4: Obtain (reconstructed bits of ) metric components and J»:

. 1 = (o=
WS = —Re g b (2°5.9%)
WSt = —Re _%ar (EQG,W) :
syieet = 182 (g 819, \Ui) 8 [00r (08297%)] + ;Q,e@r (0,60, 9%).

Step 5: Construct (reconstructed bits of) gauge-invariant fields:

Trec fg 2 .
D DI e INEN BRI

=2 j=0 k=0

Step 5: Obtain jump across S; simplify using Wronskian=A:

3 2 3 oo
(L1 (0:r0) = DD D b (05 10) D Aukc oY, 2(0)2Y A 00),

j=0 i=0 k=0 £=2

where Ay 1= {1 _2)!} respectively for k = {0,1,2,3}.

1 4
v e+1 (e+2)(t—1)° (€+2)!
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5. Determination of the completion amplitudes:
5.1 Circular equatorial orbits in Kerr (cont’d)

Step 6: Evaluate sums over £ via term-by-term differentiation of the closure relation

e’}

Z 2Y{(0)2Yd00) = (27) ' 6(cos 6 — cos ),

=2
Step 7: Obtain (dropping distributions supported on 6 = 6y = 7/2)

2(rg + a*cos’ 0) [(r5 +5a°) E —3a L]
3MA? ’
2(r¢ + a*cos?0)[6 L — a E (9 — cos26)]
6aM sin® 0

[Z%1 (6 ) = —

(21 (65 ) = +
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5. Determination of the completion amplitudes:
5.1 Circular equatorial orbits in Kerr (cont’d)

Step 8: Write completion piece of the metric perturbation as

agKerr(Xu M. J) agKen(X;L M J)
+ Y56ap
¢ o T a7

(where J = Ma) with amplitudes £, 7% to be determined.

hcompﬂ:

Step 9: Construct the corresponding contributions to Z; and Z», and obtain their jumps:

2(rg + a*cos’ ) [(r§ + 5a%)[€] — 3a[T]]
3MAZ :
2(rg + a® cos? 0) [6[T] — a[£](9 — cos 26)]
6aM sin® 0 ’

(Z2) (65 m) = +

("1 (0:n0) = —

where [€] =" — &7 and [T] =T - T~
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5. Determination of the completion amplitudes:
5.1 Circular equatorial orbits in Kerr (cont’d)

Step 10: The requirement

[Z:](0) = [Z:71(6) + [Z.°""1 (6) = 0,

for n =1 and n = 2, now gives

[E]=E, [J]=L.

(If fact, this follows from [Z2] (6) = 0 alone.)
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5. Determination of the completion amplitudes:
5.1 Eccentric equatorial orbits in Kerr

Step 1: Express energy-momentum as superposition of “conserved” partial rings:

sas _ pua(r)us(r) . _
TO‘B - T, r2# (r) @(r rmln)e(rmax r)6(cos0)
[ ua(ro)us(ro) oo . _ o
- & /m dro K S F = 7)) 8 = 10) + Aus(r)8 (¢ = )| (cos)
Step 2: r=r0
Correspondingly write source of Teukolsky e
eq as integral of ro-ring contributions, and (haa)]ro‘)\\(huﬁ)ﬂr())

29~ [ it

Introduce corresponding

(ro (h 5)(n)r (Z ) o) 53[0 J,O) etc.
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5. Determination of the completion amplitudes:
5.1 Eccentric equatorial orbits in Kerr

Step 3:
Proceed for each ro-ring as for a circular orbit to calculate [Z,°] \ and [Z;°™"], .

Step 4: Impose continuity of the invariants for each ry-ring,
(Zol (1) (0) = [Z5% ) (0) + [Z5°"] ) (6) = O,

and solve for partial amplitudes [£](,) and [£](x,)-

Step 5: Get full jumps [€] and [£] by integrating over all partial rings:

1= [ el 1= [ Theen

'min 'min
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Summary & Discussion

@ We have confirmed earlier results for circular orbits, and are extending them
to eccentric (equatorial) orbits.

@ Our method is mathematically rigorous; only assumes that invariant fields

constructed from the completed metric perturbation are continuous off the
particle.
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Summary & Discussion

@ We have confirmed earlier results for circular orbits, and are extending them
to eccentric (equatorial) orbits.

@ Our method is mathematically rigorous; only assumes that invariant fields
constructed from the completed metric perturbation are continuous off the
particle.

@ Result is extremely simple. Can it follow from a simpler (but equally
rigorous) argument?

@ For orbits that start at infinity, result follows from simple considerations at
infinity (noting completion amplitudes are time-independent).
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Summary & Discussion

@ We have confirmed earlier results for circular orbits, and are extending them
to eccentric (equatorial) orbits.

@ Our method is mathematically rigorous; only assumes that invariant fields

constructed from the completed metric perturbation are continuous off the
particle.

@ Result is extremely simple. Can it follow from a simpler (but equally
rigorous) argument?

@ For orbits that start at infinity, result follows from simple considerations at
infinity (noting completion amplitudes are time-independent).

@ To do (1): Extension to generic orbits

@ To do (2): “gauge smoothing” of residual discontinuity in metric across S.
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