Self-force corrections to spin precession for eccentric

orbits in Schwarzschild spacetime (again)
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Last time on Capra

Numerical Results for Ay(e =0.1)

p A lim A (Ay —lim Aqp)/e?
10 —5.0374746183 x 10~2 —5.06715 x 1072 12.96711 x 102
20 —4.105502714 x 1072 —4.12414 x 102 18634 x 102
30 —2.97664644 x 1072 —2.99044 x 107%=1.3792 x 10~2
40 —2.309158147 x 1072 —2.32001 % 19=2 1.085 x 1072
50 —1.880823903 x 1072  —1.88976% 10~2 8.93 x 1072

60 —1.58482057 x 1072 —1.59242 X'1072  7.595 x 1073
70 —1.3686455636 x 1072 —1337523 x 1072  6.588 x 1073
80 —1.204035626 x 1072 o =1:20966 x 1072  5.826 x 103
90 —1.074624358 x 1072 %107983 x 1072 5.204 x 10~3
100 —9.702092699 x 1073 \,£9.74941 x 1073  4.732 x 103
110 —8.84229541 x 108 —8.88571 x 1073 4.341 x 1073
120 —8.122988585 %A0=3  —8.16224 x 1073 3.925 x 1073
130 —7.511573415'x 1073 —7.54748 x 10~ 3.59 x 103
140  —6.985103217x 1073  —7.01869 x 10~3 3.359 x 103
150 —6.526467808 x 1073 —6.55905 x 10~3  3.258 x 103
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Last time on Capra

2

and Aw—limAw:%‘;

e—0
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Last time on Capra

and A —lm A = 1€

e—0
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Recalling the formalism |
Dissipation OFF
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expresses a nontrivial gauge-invariant quantity encoding the O(u) effect as a
function of two other gauge-invariant quantities parametrizing the perturbed
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Recalling the formalism |

Dissipation OFF > Bound orbit

Associate orbits: 2%(7) <> z%(7) with {p, e, x} fixed

Define §X =X(p,e,x) — X(p,e,x) =0
= 6{p,e.x,r(x)} =0

Gauge invariance: “What is required ... is a gauge-invariant relation, that
expresses a nontrivial gauge-invariant quantity encoding the O(u) effect as a
function of two other gauge-invariant quantities parametrizing the perturbed

Ol'bit”(Barack & Sago 2011)

Aw = w(Qrv Q¢7 :u) - w(QW Q¢7 0)

A B
(w_aﬁ g 8Q¢5Q¢ (1)
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Recalling the formalism |

Dissipation OFF > Bound orbit

Associate orbits: 2%(7) <> z%(7) with {p, e, x} fixed

Define §X =X(p,e,x) — X(p,e,x) =0
= 6{p,e.x,r(x)} =0

Gauge invariance: “What is required ... is a gauge-invariant relation, that
expresses a nontrivial gauge-invariant quantity encoding the O(u) effect as a
function of two other gauge-invariant quantities parametrizing the perturbed

Ol'bit”(Barack & Sago 2011)

Aw = w(Qrv Q¢7 M) - w(QW Q¢7 0)

A B
(w_aﬁ g 8Q¢5Q¢ (1)

1 is the accumulated precession per angle between two frames.
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Recalling the formalism ||

TWO frames
Q /‘transported tetrad: A¢ =0 {u® A%, Ay 6, A3}
@ Marck’s tetrad (Marck 1983): {u®, ef, €5 o 6, €$'}

Rotation in the 1 — 3 plane by ¥

AT\ [cosV¥  —sinW) [ef
Ay ) \sin¥@  cosW | \ef

Using A1 = A3 = 0 we get ¥ = ‘ €306 = — €165 ‘
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Recalling the formalism ||

TWO frames
Q /‘transported tetrad: A¢ =0 {u® A%, Ay 6, A3}
@ Marck’s tetrad (Marck 1983): {u®, ef, €5 o 6, €$'}

—a
€3 I(

S

Rotation in the 1 — 3 plane by ¥

AT\ [cosV¥  —sinW) [ef
Ay ) \sin¥@  cosW | \ef

Using A1 = A3 = 0 we get ¥ = ‘ €306 = — €165 ‘

Consistent with u7V,(egqef) = 0 since egqef =0

Thus
oV =4 (gageguvvfye‘f‘) =0 (gaﬁefuvvveg)
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Recalling the formalism Il

1) is precession per angle defined by
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Recalling the formalism Il

1) is precession per angle defined by ¢ =1— %
U /(60 5D
p=—=|—=—— = 2
=57 %) @
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Recalling the formalism

1) is precession per angle defined by

Yp=1-3%
P
o\ P ()
where

v — /;”gg(&_m) dx

v
YL .
— d® (6L oR
0e = /0 (% - 3F) dx
0P:

Barack & Sago 2011
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Recalling the formalism Il

1) is precession per angle defined by

Yp=1-3%
U /60 5P
N=——[— — — 2
=) @
where

v — /;”gg(&_m) dx

.Y u.T Insert into Egs. (1), (2)
_ dd (oL _ S8R

0e = /0 (% - 3F) dx

0P:

Barack & Sago 2011
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Recalling the formalism Il

1) is precession per angle defined by ¢ =1— %
U /(60 5D
p=——=|—— — 2
=33 -3) @
where
2r . .
ST = / dr (oF _ olt) gy
09 o (‘I/ . ) Insert into Egs. (1), (2)
_ 5L _ SR
6P = /0 dX(LO ur)dx
0®: Barack & Sago 2011
3¢ Y
A A Y¢) 1
V= 50,° S0, ¢ M)
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Progress since Capra 2015: missing terms

The crux: numerical computation of

o =4 (gageguﬂvae(f‘) =—0 (gagefﬁvye;?),

(3\111 5\112
where
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o =4 (gageguﬂvae(f‘) =—0 (gagefﬁvye;?),

(3\111 5\112
where
. = = = deis
oV = E‘I’ (huy + h3s — hi1) + co1l's11 + co3I's13 + 0310 el
. 1= — — dc
Iy = 5‘1’ (huw + hi1 — hag) — coil'i31 — co3T'133 — T30 — Til ,
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Progress since Capra 2015: missing terms

The crux: numerical computation of
oV =4 (gageguﬂvae‘f‘) =—0 (gagefvﬂvﬁ,e?),

50y 5y

where J
B =~ — _ C
oV = E‘I’ (huw + B3 — hi1) + co1l's11 + cosl'z13 + 0310 + 771_3 ,
———
averages to 0

. 1= — — dc
0y = 5‘1’ (huw + P11 — haz) — coil'131 — coslizs — o030 — Til ;
———

averages to 0
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Progress since Capra 2015: missing terms

The crux: numerical computation of

o =4 (gageg/BUVVWe(f‘) =—0 (gagefﬁvye;?),

(3\111 5\112
where

oy = 5@ (huw + b3z — h11) + co1ls11 + co3Ts13 + 6310,

. 1= _ _
0y = 5‘1’ (A + P11 — haz) — coil'131 — cosli33 — 0@'130,

Missing terms: {co1, co3} X  func.(p, €, X)
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Progress since Capra 2015: missing terms

The crux: numerical computation of

o =4 (gageguﬂvae(f‘) =—0 (gagefﬁvye;?),

(3\111 5\112
where '
0V = W (hyy + hag — hi1) + coril's11 + cosl's13 + 0I'310,
2 ~—— ~——

+co1¥311 + 037313

. 1= _ _
0y = 5‘1’ (huw + h11 — hag) — coil'131 — co3T'133 — 0T'130,
~—— ——

+co017131 +c037133
Missing terms: {co1, co3} X  func.(p, €, X)

numerical
_ X dr cons /. / /
E.g. co3(x) = func.(p, e, x) X ; d—X/ Fyg (x') dx
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Progress since Capra 2015: missing terms

The crux: numerical computation of

o =4 (gageg/BUVVWe(f‘) =—0 (gagefﬁvye;?),

(3\111 5\112
where '
0V = W (hyy + hag — hi1) + coril's11 + cosl's13 + 0I'310,
2 ~—— ~——

+co1¥311 + 037313

. 1= _ _
0y = 5‘1’ (huw + h11 — hag) — coil'131 — co3T'133 — 0T'130,
~—— ——

+co017131 +c037133
Missing terms: {co1, co3} x  func.(p, e, x) .
—_——

extension dependent numerical
_ X AT ST gy
E.g.  co3(x) = func.(p, e, x) X o Dy FP™(X) dx
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Numerical check: 60 — 60y = ()

SV, — 80y =0

= d
=W (hzg — h11) + cor (v +T)asyr + cos (v +T)aszys + 0T a3y + . (c13 + c31)
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Numerical check: 60 — 60y = ()

6y — 60, =0
= d
=W (hzg — h11) + cor (v +T)asyr + cos (v +T)aszys + 0T 3)0 + Ir (c13 + ¢31)
—_——— —_——— T

éf@g(ég-él)io égﬁg(ég-él)io
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Numerical check: 60 — 60y = ()

6y — 60, =0
B d
=W (hzg — h11) + cor (v +T)asyr + cos (v +T)aszys + 0T 3)0 + . (c13 + c31)
N————’ N———’ T N e
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Numerical check: 60 — 60y = ()

oW, — 60y =0
- d
=W (hzg — h11) + cor (v +T)asyr + cos (v +T)aszys + 0T 3)0 + e (c13 + ¢31)
N————’ N———— T N e

E?@ﬁ(é@él)io Egﬁg(égyél)io —hs

B d
= W (hgz — h11) + 0T (13)0 — Ehm =0
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Numerical check: 60 — 60y = ()

6y — 60, =0
B d
=W (hzg — h11) + cor (v +T)asyr + cos (v +T)aszys + 0T 3)0 + . (c13 + c31)
N————’ N———— T N e

E?@g(ég-él)io Egﬁg(égyél)io —has

B d
= W (hgz — h11) + 0T (13)0 — Ehm =0

NO hy3 data. Since hy3 is periodic consider

(5\111 — (5\112 = / g(é_\l’l — 6\112)dx
X

d7 (-
= / dy (‘I’ (hag — h11) + 5F(13)0) dx =0.
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Numerical check: 60 — 60y = ()

6y — 60, =0
B d
=W (hzg — h11) + cor (v +T)asyr + cos (v +T)aszys + 0T 3)0 + . (c13 + c31)
N————’ N———— T N e

éf@g(ég-él)io éfﬁg(@-él):o —has

B d
= W (hgz — h11) + 0T (13)0 — Ehm =0

NO hy3 data. Since hy3 is periodic consider
dr . .
(5\111 — (5\112 = / 7((5\1’1 — 6\112)dx
dx
7 (=
= / dy (‘I’ (hag — h11) + 5F(13)0) dx =0.

= Integrand is zero or integrates to zero.
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Numerical check: 0W; — oWy = 0

7 -
501 - 0 = [ v (¥ (s = hy) + 8Tz ) dx =0,
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Numerical check: 0W; — oWy = 0

7 -
501 - 0 = [ v (¥ (s = hy) + 8Tz ) dx =0,

Integrates to or =07
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Numerical check: 0W; — oWy = 0

5, — 60, :/ dr

dy (‘i’ (h33 — hi1) + 5F(13)0) dx =0.

Integrates to or =07

0.00010] %109
0.00005| 5.x10-
0.00000|
0 Y
-0.00005 "
-5.x10
-0.00010
-1.x107
-0.00015
-1.5%107
0 d o 3 2n 0 s [ 3 2n
2 2 2 2
X X
p=10,e=0.1, p=100,e=0.1,
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Numerical check: 0W; — oWy = 0

7 -
501 - 0 = [ v (¥ (s = hy) + 8Tz ) dx =0,

Integrates to 0
0.00010) 1 %10
0.00005 5.x10°
0|

0.0000 0 \
~0.00005 "

-5.x10
-0.00010)

-1.x107®

-0.00015|

-1.5x107
0 d o 3 2n 0 s [ 3 2n
2 2 2 2
X X
p=10,e=0.1, p=100,e=0.1,
U, — 00Uy ~ 2.45 x 10710, W, — 80Uy ~ 3.26 x 10711
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Numerical check: 0W; — oWy = 0

7 -
501 - 0 = [ v (¥ (s = hy) + 8Tz ) dx =0,

Integrates to 0
0.00010) 1 %10
0.00005 5.x10°
0|

0.0000 0 \
~0.00005 "

-5.x10
-0.00010)

-1.x107®

—-0.00015| o
-1.5x107
0 d o 3 2n 0 s [ 3 2n
2 2 2 2
X X
p=10,e=0.1, p=100,e=0.1,
U, — 00Uy ~ 2.45 x 10710, W, — 80Uy ~ 3.26 x 10711

W — 60y < O(10710) for p € [10,100], e < 0.2
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Numerical results
Data for p = {10, 20,30, ..., 100}, e = {0.05,0.1,0.15,0.2}

Compare with circular-orbits
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Numerical results
Data for p = {10, 20,30, ..., 100}, e = {0.05,0.1,0.15,0.2}

Compare with circular-orbits

A"ﬂcirc#g_% A¢
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Numerical results
Data for p = {10, 20, 30, ...,100}, e = {0.05,0.1,0.15,0.2}
Compare with circular-orbits

0.00593855 (Dolan et al. 2013)

. A’l,[}circ(p = 10)
. 1
A¢C|rc7éel_>né A¢ €.g., —0.0506715

lim Ad(p = 10, €)
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Numerical results
Data for p = {10, 20, 30, ...,100}, e = {0.05,0.1,0.15,0.2}
Compare with circular-orbits

i Atheire(p=10) = 0.00593855 (Dolan et al. 2013)
. 1
Atarc 7 AV €& i Ap(p=10,6) = —0.0506715

Shown analytically+numerically that it 6 = 6tpcire (50 = — £ (32 - 52))
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Numerical results
Data for p = {10, 20, 30, ...,100}, e = {0.05,0.1,0.15,0.2}
Compare with circular-orbits

Arlz[}circ (p = 10)

: 0.00593855 (Dolan et al. 2013)
Atarc B AV CE oy Ay = 10,0

—0.0506715

Shown analytically+numerically that it 6 = 6tpcire (50 = — £ (32 - 52))

/201 _ @52
liIr(l)Al/J At = 2(1 —3xz)"*(1 — 6x) (6k: : q 2z >
e—

(4 — 39z + 8612) 1 —612)3/2
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Numerical results
Data for p = {10, 20, 30, ...,100}, e = {0.05,0.1,0.15,0.2}
Compare with circular-orbits

i Atheire(p=10) = 0.00593855 (Dolan et al. 2013)
. 1
Atarc 7 AV €& i Ap(p=10,6) = —0.0506715

Shown analytically+numerically that m 1) = d1)cire

2(1 — 32)Y/2(1 — 62)°/2 (6k:+ ( q 2z >

il_I}l’(l) Aw - chirc = (4 —39x + 865!?2) 1— 6%)3/2

@ 0k : Fractional periastron advance per T (Barack-Damour-Sago 2010, Le Tiec et al. 2011)
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2(1 — 32)Y/2(1 — 62)°/2 (6k:+ ( q 2z >

il_I}l’(l) Aw - chirc = (4 —39x + 865!?2) 1— 6%)3/2

@ 0k : Fractional periastron advance per T (Barack-Damour-Sago 2010, Le Tiec et al. 2011)
. 12/3
o= {(M + M)Qgrc}
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Numerical results
Data for p = {10, 20, 30, ...,100}, e = {0.05,0.1,0.15,0.2}
Compare with circular-orbits

i Atheire(p=10) = 0.00593855 (Dolan et al. 2013)
. 1
Atarc 7 AV €& i Ap(p=10,6) = —0.0506715

Shown analytically+numerically that m 1) = d1)cire

2(1 — 32)Y/2(1 — 62)°/2 (6k:+ ( q 2z >

il_I}l’(l) Aw - chirc = (4 —39x + 865!?2) 1— 6%)3/2

@ 0k : Fractional periastron advance per T (Barack-Damour-Sago 2010, Le Tiec et al. 2011)
. 12/3
o= {(M + M)Qgrc}

Difference is gauge invariant and
its physical origin understood (fixing two frequencies).
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Numerical results

Extract the O(e?) term ~ g;—i Compare with future 1PN result.

e=005 e=0.1
0.010) 0.010]
0005, 0.005]
s 0,002 0.002)
<
£7
= 0001 0.001
>
3 s5x10Y 5% 107
2x107 2% 107
1x107] 11074
10 15 20 30 50 70 100 10 15 20 30 50 70 100
e=0.1 e=02
0.010) 0.01
0.005| .
5 0002 .
=3
=1 0001 .
3>
a 5x107Y
2% 107
1107 H
10 15 20 30 50 70 100
P P

Sarp Akcay (University College Dublin) Eccentric spin precession (again) 19" Capra Meeting 12 / 14



Summary

Sarp Akcay (University College Dublin) Eccentric spin precession (again) 19" Capra Meeting 13 / 14



Summary

@ Progress since last Capra.

Sarp Akcay (University College Dublin) Eccentric spin precession (again) 19" Capra Meeting 13 / 14



Summary

@ Progress since last Capra.

@ Discovered missing terms.

Sarp Akcay (University College Dublin) Eccentric spin precession (again) 19" Capra Meeting 13 / 14



Summary

@ Progress since last Capra.

@ Discovered missing terms.

C017311, C037313, etc.

Sarp Akcay (University College Dublin) Eccentric spin precession (again) 19" Capra Meeting 13 / 14



Summary

@ Progress since last Capra.

@ Discovered missing terms. Derivative extended off worldline.

C017311, C037313, etc.

Sarp Akcay (University College Dublin) Eccentric spin precession (again) 19" Capra Meeting 13 / 14



Summary

@ Progress since last Capra.

@ Discovered missing terms. Derivative extended off worldline.
017311, C037313; etc.

o Fixed a regularization parameter.

Sarp Akcay (University College Dublin) Eccentric spin precession (again) 19" Capra Meeting 13 / 14



Summary

@ Progress since last Capra.

@ Discovered missing terms. Derivative extended off worldline.
017311, C037313; etc.

o Fixed a regularization parameter.

Now:  hsy = hy) = ho, and 6055, = —0T'5,.
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Summary

@ Progress since last Capra.

@ Discovered missing terms. Derivative extended off worldline.
017311, C037313; etc.
o Fixed a regularization parameter.
. _ _ S S
Now: h33 hll h and (51—‘130 = 5F310.

Resulting in: 0¥ — 0Wy = 0 (sanity check!).
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Summary

@ Progress since last Capra.

@ Discovered missing terms. Derivative extended off worldline.
017311, C037313; etc.
o Fixed a regularization parameter.
Now:  hsy = hy) = ho, and 6055, = —0T'5,.
Resulting in: 0¥ — 0Wy = 0 (sanity check!).

and: Ay — Im Aq)y o %

e—0
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Summary

@ Progress since last Capra.
@ Discovered missing terms. Derivative extended off worldline.

C017311, C037313, etc.
o Fixed a regularization parameter.
. _ _ S S
NOW. h33 hll h and (51—‘130 = 5F310.

Resulting in: 0¥ — 0Wy = 0 (sanity check!).

e—0
Consistent with current PN knowledge
i.e. NO p~! terms at O(e?).

and: Ay — Im Aq)y o %
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What's next?
o Comparison with 1PN (Alex?)
o Understand the extension of derivatives off worldline.
o Improve the numerical integration routines: SSI7?

e Endpoints xy = 0, 27 of the integrands: removable
singularities. €/0 — analytic expressions.

o Cover Schwarzschild parameter space

0<e<05(?), 10< p<150(7) .
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What's next?
o Comparison with 1PN (Alex?)
o Understand the extension of derivatives off worldline.
o Improve the numerical integration routines: SSI7?

e Endpoints xy = 0, 27 of the integrands: removable
singularities. €/0 — analytic expressions.

o Cover Schwarzschild parameter space
0<e<0.5(7), 10<SpS150(7) .

o Future: Extend the formulation to equatorial, eccentric
Kerr. Maybe attempt a numerical calculation?

o Eccentric, tidal gauge invariants.
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